Abstract. In [7] , A. Lee, K. Pedersen, and D. Mumford study the distributions of 3 × 3 patches from digital photographs and range scans. G. Carlsson, T. Ishkanov, V. de Silva, and A. Zomorodian in [3] apply computational topological tools to the dataset of optical images studied in [7] and find geometric structures for high density subsets. One high density subset is called the primary circle, and essentially consists of patches with a line separating a light and a dark region. In this paper, we apply the techniques of [3] to range image patches. By enlarging to 7 × 7 patches, we find core subsets that have the topology of the primary circle, suggesting a stronger connection between optical patches and range patches than was found in [7] .
Introduction
A black and white digital photograph assigns a grayscale value to each pixel, whereas a range photo assigns a distance: the distance between the laser scanner and the nearest object in the correct direction. In either case, we can think of an n × m-pixel patch as a vector in R n×m and of a set of patches as a set of points in R n×m . Below are two range images from Huang and Lee's Brown database [6] which contains a variety of indoor and outdoor shots. Darker regions are closer than lighter regions, except for out of range data such as the sky that is colored black.
Figure 1. Sample range images
In [7] , A. Lee, K. Pedersen, and D. Mumford describe the distributions of optical and range patches. They begin their analysis by constructing data sets of high contrast patches, where high contrast is defined by threshholding a certain natural measure of contrast. They find that high contrast 3 × 3 range patches are densely clustered around the binary patches. A binary patch's pixels typically take on one of only two values: foreground or the background. For optical image patches, Mumford et al find a strikingly different distribution: the majority of the high contrast patches lie near a 2-dimensional annulus. Each patch on this manifold is a linear step edge, a few of which are shown in Figure 2 .
Figure 2.
Step-edge annulus Figure 3 . Primary circle
In [3] , Carlsson, Ishkanov, de Silva, and Zomorodian expand upon the optical image findings of [7] . They use topological tools to identify the topologies of high density subsets of the optical patch space. According to one choice of density estimator, the 25% densest points have the topology of a circle, called the primary circle, homotopy equivalent to the step-edge annulus and shown in Figure 3 . When using a different (finer) density estimator, the collection of densest points have the topology of a Klein bottle that contains the primary circle. In this paper we apply the topological methods of [3] to study spaces of range image patches.
One conclusion of the work in [7] was that range and optical 3 × 3 patches were essentially different. The range patches simply broke up into clusters without an obvious simple geometry, while the optical patches were organized in a clearly geometric way. Our hypothesis concerning this conclusion is that it is due to the clustering of the range patches around binary patches: after normalizing the contrast, essentially only two values are taken rather than all 255 grayscale values. The 3 × 3 patches are simply too coarse grained to encode an analogue of the primary annulus or circle found in [7] and [3] , and so one cannot expect to find any reasonable geometry. This suggests the possibility that on larger scales, which have a greater capacity to encode, the range and optical patches might have more similar behaviors. This is indeed what we have found, for when we study 7 × 7 range patches, an analogue to the primary circle present in optical patches indeed occurs. The methods are entirely analogous to those used in [3] to study optical patches.
Preparing the spaces of range patches
We analyze 3 × 3 and 7 × 7 pixel patches from Huang and Lee's Brown database, a set of about 200 range images [6] . The operational range for the Brown scanner is typically 2-200 meters, and the distance values for each pixel are stored in units of 0.008 meters. More details about the Brown database can be found at the following webpage: http://www.dam.brown.edu/ptg/brid/index.html. We obtain the spaces of pixel patches through the following steps, which are nearly identical to the procedures used by Mumford et al in [7] and Carlsson et al in [3] .
Step 1: We randomly select a large sample of 3 × 3 or 7 × 7 patches from the images in the database.
Step 2: Regarding each 3 × 3 patch as a 9-dimensional vector and each 7 × 7 patch as a 49-dimensional vector, we take the logarithm of each coordinate. This step is motivated in [6] for providing shape invariance.
Step 3: We compute the D-norm, x D , of each vector. This is a measure of the contrast of a patch. Two coordinates of x are neighbors, denoted i ∼ j, if the corresponding pixels in the 3 × 3 or 7 × 7 patch are adjacent. We calculate the D-norm for a vector by summing the squared difference between all neighboring coordinates and then taking the square root:
Step 4: We select the patches that have a D-norm in the top T percent of the entire sample. The rationale is that high contrast patches are believed to contain the most important information of an image but to follow a different distribution than low-contrast patches. For the 3×3 patches we use T = 20%, as done in [7] and [3] . However, we find that for 7 × 7 patches, T = 20% is not selective enough. A majority of the patches in the top 20% differ from the constant patch by only a few pixels. Lowering to T = 1% provides the data we are most interested in studying.
Step 5: For computational feasibility, we randomly select 50,000 of the above patches in the top T percent.
Step 6: So that images of distant and close objects are comparable, we subtract from each vector the average of its coordinates.
Step 7: We divide each vector by its Euclidean norm, which is nonzero because the patches are high contrast. This maps the space into a unit sphere. Only this step is different from the pre-processing done in [7] and [3] ; they instead change coordinates using the Mumford basis. We deviate because the Mumford basis does not describe 7 × 7 patches.
Step 8: From the first seven steps, we have set of 50,000 high contrast, normalized, range image patches. However, hoping to approximate the topology of such a space is still a daunting task; the outlier points may significantly alter the computed topology. A more modest goal is to describe the topology of core subsets of the space, in the hope that the core subsets will reflect important patterns of the entire space. We estimate the density at a point using the function ρ k , where ρ k (x) is defined to be the distance from point x to the k-th nearest neighbor of x. A small choice of the parameter k produces a very local density estimate whereas a larger k-value gives a more global estimate. We select out the points whose densities are in the top p percent.
The core subset, which depends on the patch size m × m, the density parameter k, and the density cut p, shall be denoted X m (k, p). Recall that we use a contrast cut T = 20% for 3 × 3 patches and T = 1% for 7 × 7 patches. The core subsets described here have density parameter k = 100 or 300 and cut percentage p = 30%.
Analysis
We analyze these large high-dimensional sets using nested families of witness simplicial complexes and persistent homology. This is the same topological machinery used in [3] ; see [2] and [8] for details. For each trial we build the nested family W (D; R, 1) on 50 landmark points chosen by sequential maxmin. We obtain the Betti barcode plots using the computer software package PLEX, created by G. Carlsson, V. de Silva, A. Zomordian, and P. Perry.
Results
There are many long intervals in the Betti 0 barcode plot for core subsets of 3 × 3 patches. This is evidence of many disjoint clusters, the largest of which is centered on the patch in Figure 4 that likely contains shots of the ground. All other clusters are centered on binary approximations of linear step edges, a few of which are shown in the bottom row of Figure 5 . Why do range images cluster around binary patches while optical images are more continuously distributed? Perhaps objects in an indoor or outdoor scene are more likely to be a constant distance from the camera than to be monochromatic, producing more range patches with no more than two pixel values. A second possible explanation lies in the sub-resolution properties of range scanners and optical cameras, described completely by Mumford et al in [7] . Range scanners record sub-pixel detail in a single pixel value by selecting the minimum; digital cameras take an average. A binary patch with sub-pixel detail will remain binary after pixel values are chosen via minimums, but may not if pixels are chosen via averages.
Range images tend to cluster near binary patches, and there are relatively few 3 × 3 binary patches. Therefore we consider 7 × 7 pixel patches in hope of finding a manifold model. In Figures 6 and 7 are sample PLEX Betti barcode plots for the core subspaces X 7 (100, 30) and X 7 (300, 30). Both the X 7 (100, 30) plot and the X 7 (300, 30) plot contain a single long Betti 0 interval and a single long Betti 1 interval, evidence of circular topology. Inspection shows that the Betti 1 interval corresponds to the hole in the primary circle of Figure 3 . We ran twenty-five trials each on X 7 (100, 30) and X 7 (300, 30), selecting different landmark points for each trial. Twenty of the plots for X 7 (100, 30) and nineteen of the plots for X 7 (300, 30) are comparable to those in Figures 6 and 7. In the remaining five and six trials, the primary circle is still present, though a second shorter interval appears in the Betti 1 plot that correpsonds to half of the horizontal quadratic secondary circle from [3] . This phenomenon is presumably due to the presence of the ground patches from above. 
Conclusions
The primary circle is a good model for core subsets of 7 × 7 range image patches, providing evidence that the behavior of optical and range patches may really be quite similar, after adjusting the scale. This suggests that were one to attempt to develop sophisticated compression schemes for range images, methods such as wedgelets [4] could indeed be extended to the case of range images. However, the binary bias of the range patches suggests that wavelet based schemes for the compression might use different "mother wavelets" for the encoding. Further investigation may determine if range patches also tend to lie along other portions of Carlsson et al's Klein bottle model for optical patches.
